ABSTRACT. The preservation properties of Gieseker stability and semistability under the Fourier transform of Mukai are discussed. A fundamental lemma is proved describing the degree of sheaves whose Fourier transforms are concentrated in degrees 0 or 2. This is used to prove results about the behaviour of both Gieseker stability and Mumford-Takemoto stability under the Fourier transform.
Introduction
Gieseker stability was introduced in order to provide a good compacti cation for the moduli space of stable vector bundles on a variety of dimension greater that 1 ( G] , Mar1] , Mar2]). The latter stability is due to Mumford-Takemoto and corresponds to the Geometric Invariant Theory stability for vector bundles on curves. We shall refer to this stability as -stability for short. When we consider polarised complex projective varieties then it is well known that -stable vector bundles up to isomorphism correspond to gauge equivalence classes of unitary Hermitian-Einstein connections (see D1] , D2], UY]). This generalises the celebrated Narasimhan-Seshadri theorem for Riemann surfaces. In the dimension one case the moduli spaces can be compacti ed by adding -semistable vector bundles. In higher dimensions the situation is more complex if we still want our moduli spaces to be projective varieties. One must add torsion-free sheaves which satisfy a more delicate stability criterion. This is Gieseker stability (or G-stability for short).
After compacti cation, one can ask if the moduli space of Hermitian-Einstein connections can be compacti ed such that the resulting real manifold admits a complex structure which is bimeromorphic to the GIT compacti cation. In dimension 2 a candidate compacti cation is well known: the Donaldson compacti cation. This is known to be birationally equivalent to the algebraic case when the group is SU(2) ( Li] ).
A useful tool in studying moduli spaces on tori is the Fourier-Mukai transform introduced by Mukai ( Muk1], Muk2], Muk3]). In the last paper he uses the transform to compute the moduli spaces with Chern characters (r; 0; ?1) and (r;`; ?1). The transform has also been used by this author to compute other moduli spaces ( BMT] , Mac2]). The transform is known to be equivalent to the Nahm transform for periodic instantons ( BvB]) which gives a one-one correspondence between unitary instantons with c 1 = 0 on the torus and instantons on the dual torus. This immediately implies the same result for -stable vector bundles with c 1 = 0. We shall show in section 3 how to extend this result tosemistability but that it does not extend to G-stability. Indeed, we shall see in section 5 that a G-stable bundle which is not -stable but which admits a Fourier transform cannot have even a G-semistable Fourier transform.
The key to proving these results is a Fundamental Lemma which describes the degrees of sheaves which admit particular forms of Fourier transforms and which is a generalisation of the`index theorem' for line bundles (see Mum, x16] ). This is stated and proved in section 3. We shall also make use of a ltration and co ltration which results when sheaves do not quite admit Fourier transforms into sheaves.
Gieseker stability for Abelian surfaces
Let (T;`) be a polarised abelian surface and x some line bundle L 2`. A sheaf E on Thas a well de ned degree with respect to this polarisation given by d(E) = c 1 (E) `. If r(E) > 0 we also de ne the slope of E to be d(E)=r(E).
Recall the de nition of -(semi)stability. A torsion-free sheaf E is said to be -stable (resp. -semistable) if for all proper torsion-free subsheaves F such that E=F is torsionfree we have (F) < (E) (resp. (F) 6 (E)). In fact, this is equivalent to the same condition without asking for E=F to be torsion-free (see OSS, Theorem 1.2.2]). Short exact sequences 0 ! F ! E ! G ! 0 for which (F) > (E) (and hence (E) > (G) ) are called destabilising sequences of E. It is well known that if a torsion-free sheaf E is not -semistable then there is a destabilising sequence 0 ! F ! E ! G ! 0 with Gsemistable and another such sequence with F -semistable (see Kob, V7.17] ). Using a Jordan-H older ltration of G (see below) we can also arrange that G is -stable. Similarly we could ask for F to be -stable instead of G.
The de nition of -(semi)stability can be extended to all coherent sheaves simply by relaxing the condition that F be torsion-free. More precisely, we say that E is -(semi)stable if for all non-trivial subsheaves F ! E with non-trivial torsion-free quotient G we have (F) < (E) (or (F) 6 (E) respectively). Notice that this is equivalent to the usual de nition when E is torsion-free and torsion sheaves are automatically -stable.
We can also observe that if a (coherent) sheaf E is -(semi)stable then E is also -(semi)stable. To see this we consider the torsion-sequence 0 ?! T ?! E ?! E ?! S ?! 0 of E, where T is the torsion subsheaf of E and S is supported in dimension zero (so is a sum of structure sheaves of zero-dimensional subschemes which we shall simply refer to as skyscraper sheaves). Split this sequence via Q = cok(T ! E) = ker(E ! S). Then the -(semi)stability of Q is equivalent to that of E . On the other hand, if 0 ! F ! Q ! G ! 0 is a destabilising sequence of Q then 0 ! F 0 ! E ! G ! 0 is a destabilising sequence of E, where F 0 is the kernel of 0 ! E ! Q ! G ! 0. This follows because (Q) 6 (E) as d(T) > 0. The converse need not hold. We shall use this de nition in Theorem 3.2. Definition 1.1. A -semistable torsion-free sheaf is G-stable (resp. G-semistable) if for all destabilising sequences 0 ! F ! E ! G ! 0 we have (F)=r(F) < (E)=r(E) (resp. 6).
Notice that if a torsion-free sheaf E is -stable then it is automatically G-stable. This is easily seen to be equivalent to the usual de nition of G-stability using the Hilbert polyno- 
D(T) ! D(T) between
the derived categories of bounded complexes of coherent sheaves on Tand its dual toruŝ T= Pic 0 T(with the dual polarisation). It is given by F(E) =^ ( E P), where P is the Poincar e bundle on T T and T ? T T^ ?!Tare the projection maps. Similarly, there is RF : D(T) ! D(T) de ned by (^ E P). 2.2. Since R q F(E) = 0 for q < 0 or q > 2 and any coherent sheaf E, the E 2 term of the spectral sequence can only be non-zero in a 3 by 3 square as follows: 2.3. The transform is particularly useful when RF(E) has cohomology concentrated in a single degree, n say. If this happens then we say that E satis es WIT n (after Mukai). Then the bre ofÊ = R n F(E) atx 2T corresponding to Px 2 Pic 0 Tis H n (E Px). We say that E satis es IT n if for all i 6 = n we have H i (E Px) = 0 for allx 2T. One has that IT n implies WIT n and WIT 0 implies IT 0 . The Mukai spectral sequence implies that if E satis es WIT n thenÊ satis es WIT 2?n . It also shows that, for any E, R 0 F(E) satis es WIT 2 and R 2 F(E) satis es WIT 0 (and hence IT 0 ). Notice also that when E satis es IT n for some n (we just say`E satis es IT', similarly for WIT) thenÊ is locally-free.
Properties of RF
2.4. Even if E does not satisfy WIT, we can still obtain useful information from the Mukai Spectral Sequence. Suppose that R 0 F(E) = 0. Then C = 0 in 2.2 above and so we obtain a long exact sequence
On the other hand, if instead we have R 2 F(E) = 0 then we obtain the long exact sequence
2.5. Note that RF is left exact and so if we are given a short exact sequence 0 ! E ! F ! G ! 0 of sheaves then applying RF yields a long exact sequence:
2.6. One of the original applications of the Mukai functor was to homogeneous bundles which are vector bundles satisfying T x E = E for all x 2 T, where T x (y) = x + y. The Mukai transform was shown in Muk2] to take such bundles to sheaves supported on zero dimensional subschemes (direct sums of skyscraper sheaves). In particular, this shows that homogeneous bundles are G-semistable with gr = L Px i over a collection pointsx i . Indeed, any -semistable torsion-free sheaf with ch = (r; 0; 0) must be a homogeneous bundle. for any coherent sheaf E. This consists of a 2nd quadrant and a 4th quadrant spectral sequence which converge to the same limit. We shall see an example of its use below, in particular to prove Proposition 4.4.
The Fundamental Lemma
The following surprising result is the cornerstone of the theory of the Mukai- (ii) If E satis es WIT 2 then d(E) 6 0 with equality if and only if E is a homogeneous bundle.
Proof. If r(E) = 0 then E cannot satisfy WIT 2 as H 2 (E Px) = 0 for allx 2Tand (i) always holds. We assume that r(E) > 0.
(i) Assume that E satis es IT 0 . Let T be the torsion subsheaf of E and F = E=T, which is torsion-free. Notice that (F) 6 (E) because d(T) > 0 and equality holds in both if and only if T is a sum of skyscraper sheaves. Suppose, for a contradiction, that F 6 = 0 and (F) 6 0. Since H 2 (T Px) = 0 for allx 2T we have that R 2 F(T) = 0. Applying RF to 0 ! T ! E ! F ! 0 we see that R 1 F(F) = 0 = R 2 F(F) and so F satis es IT 0 . ThenF is locally-free, non-zero, satis es WIT 2 and (F ) > 0.
SinceF satis es WIT 2 , H 2 (F) 6 = 0. Hence, by Serre duality, there is a non-trivial mapF ! OT . The image of this map is torsion-free of rank 1 and so is an ideal sheaf of degree 6 0 and this implies thatF is not -stable. This means that there is a destabilising sequence 0 ! D !F ! G ! 0 with D -stable and (D) > (F ) > 0.
We now claim that D satis es IT 1 . To see this observe that H 0 (D P x ) ! H 0 (F P x ) injects. But F is torsion-free and the anticommutativity of the dualising functor and the Fourier transform in 2.8 implies that R 2FF = Ext 2 (F; O T ) = 0 and so H 0 (F P ?x ) = H 2 (F P x ) = 0 for all x 2 Tby Serre duality asF is locally-free. So H 0 (D P x ) = 0 for all x 2 T. On the other hand, the stability of D implies that H 2 (D P x ) = 0 for all x 2 T = Pic 0T unless D is a at line bundle. But then H 0 (D P x ) 6 = 0 for some x. This shows that D satis es IT 1 .
We also have R 0F (G) = R 1F (D) and R 2F (F ) = R 2F (G) . But R 0F (G) satis es WIT 2 by the Mukai spectral sequence (see 2.2 and 2.4 above) whereas R 1F (D) satis es WIT 1 . This is a contradiction and implies that F = 0 or (F) > 0. The latter situation implies that (E) > 0. In the former case d(E) = d(T) > 0 with equality if and only if E is a sum of skyscraper sheaves.
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(ii) Now suppose that E satis es WIT 2 . ThenÊ satis es IT 0 and so d(Ê) > 0 with equality if and only ifÊ is a sum of skyscrapers by (i). Hence d(E) 6 0 with equality if and only if E is a homogeneous bundle by 2.6.
As an application of this lemma we can give a simple proof of the following: We shall use the equality conditions in the the following corollaries. But the equality conditions must be met (since E is -semistable) unless either (i) r(K) = 0 or (ii) r(K) = r(E): In case (i) we have K = 0 as E is torsion-free and so the equality conditions are still met. In case (ii) we have that Q is a torsion sheaf and so d(Q) > 0 implying that d(K) 6 0 which also gives the equality condition. We now see that we must have d(F) = 0 and soÊ is -semistable as required.
Note that if E is a -stable torsion-free sheaf with (E) = 0 and r > 1 then E must satisfy IT 1 since maps Px ! E and E ! Px (representing elements of H 0 (E Px) and H 2 (E Px), respectively) must be trivial. In particularÊ is locally-free. In fact, even if the rank of E is 1 we still have this so long as we assume that E is not an ideal sheaf twisted by a at line bundle (we shall denote these by PxI X ). This is because a degree zero line bundle must have negative Euler characteristic or be at, by the Hodge Index Theorem and this must hold for an ideal subsheaf of the same degree. As a corollary of the above proof we have:
Corollary 3.4. If E is -stable, locally-free, not a at line bundle and with (E) = 0 thenÊ is -stable.
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Proof. The theorem implies thatÊ is -semistable and the above proof gives sequence 3.3. Now the equality situation is contradictory unless we are in one of the two exceptional cases (i) and (ii) above. To eliminate these cases we now assume that G is -stable. Then G satis es IT 1 since it cannot be of the form P x I X asÊ satis es IT 1 . So we now have the exact sequence 0 ?! R 1F F ?! (?1 T ) E ?!Ĝ ?! R 2F F ?! 0:
In case (i) observe that R 1F F = 0 and R 2F F is a sum of skyscraper sheaves. But the sequence 0 ! E !Ĝ ! R 2F F ! 0 implies that E is not locally-free. Case (ii) implies that E !Ĝ vanishes asĜ is locally-free and soĜ = R 2F F butĜ satis es WIT 1 and R 2F F satis es IT 0 , a contradiction.
Notice that if E is -stable, has slope zero, is torsion-free but not locally-free thenÊ is locally-free and so cannot be -stable since it would then satisfy IT 1 . In fact we can say more:
Corollary 3.6. If E is torsion-free, -stable, not of the form PxI X and with (E) = 0 then any destabilising sequence ofÊ is of the form 0 ! H !Ê ! G ! 0, where H is a homogeneous bundle. In particular, if E is not locally-free thenÊ is a locally-freesemistable sheaf which is not G-semistable.
Proof. Note that the hypotheses on E imply that E satis es IT 1 . We consider the situation in the proof of the theorem. Then we are again left with the two cases.
Case (i). If K = 0 then R 1F F = R 0F G is homogeneous and so R 1 F(R 1F (F)) = 0. Then the Mukai spectral sequence gives the short exact sequence 0 ?! F ?! R 0 F(R 2F (F)) ?! R 2 F(R 1F (F)) ?! 0: But the last term is a sum of skyscrapers and so F is not locally-free. NowÊ is locally-free and G is torsion-free and so we must have R 1F (F) = 0 implying that F is homogeneous. Case (ii). If r(K) = r(E) then Q is torsion and so d(K) 6 0. But then d(K) = 0 and so R 0F G is homogeneous and R 2F F is a sum of skyscrapers. Hence d(Q) = 0 and so Q is a sum of skyscrapers implying the same for R 1F G. Then the Mukai spectral sequence again gives 0 ?! R 0 F(R 1F (G) 
But the rst term is homogeneous and the middle is a sum of skyscrapers. This is impossible unless the rst term vanishes in which case G is a sum of skyscrapers; a contradiction.
The last statement follows because Corollary 3.4 applied toÊ implies thatÊ cannot be -stable. Then there must exist some destabilising sequence. But what we have proved is that this is of the form H Ê . On the other hand, (Ê) < 0 because r(E) > 0 and (H) = 0 and soÊ is not G-semistable. 
The Mukai Filtration and Co ltration
We shall now study in more detail what happens if a sheaf F has R 0 FF = 0 but does not necessarily satisfy WIT. The Mukai spectral sequence implies that R 0F (R 1 FF) = 0 and R 2 FF satis es WIT 0 . Introduce the notation F i = R i FF and F ij = R jF (R i FF) and let F 1 = F 11 . Then R 0 FF 1 = 0 and so F 1 has the \same" transform properties as F. We can repeat this by de ning F n+1 = F 11 n unless F 11 n = F n in which case we set F n+1 = 0. This provides us with a tree whose height is given by n and whose nodes are given by F i and R 1 FF i and R 2 FF i . Recall from 2.4 that the Mukai spectral sequence implies that there is a long exact sequence 0 ?! F 1 ?! (?1 T ) F ?! F 20 ?! F 12 ?! 0:
This means that fF n g provides us with a ltration of F. We shall call this the Mukai ltration of F. The Mukai ltration terminates when F n satis es WIT 2 or F n+1 = F n . This must happen because F n =F n+1 F 20 n is always torsion-free because F 2 i always satis es IT 0 so that F 20 i is locally-free. Hence the rank of F n equals that of F n+1 if and only if F n = F n+1 .
There are three possibilities (which we shall call the type of the ltration):
I 1 : F n satis es WIT 2 , I 2 : F 1 n satis es WIT 2 (and F n does not), II: F n satis es WIT 1 .
We de ne the length of F, l(F) to be n. If F satis es WIT 1 or WIT 2 then l(F) = 0. Notice that, if F 1 n satis es WIT 1 then F n satis es WIT 1 . This follows by applying RF to (4:1).
The usefulness of this ltration lies in the fact that F i have similar properties to F. Let T(A) denote the torsion subsheaf of a sheaf A. Proposition 4.2. If F is torsion-free then so are F i for all i. If F is locally-free then so are F i for all i. For all i, T(F i ) = T(F). In particular, if F is a torsion sheaf, then l(F) = 0.
Proof. The proposition follows from the fact that F i?1 =F i F 20 i?1 is torsion-free for all i.
It also follows that when F is torsion-free, the singularity sets S(F i ) form a decreasing sequence. In this case we have d (G i ) 6 d (G i?1 ) with equality if and only if G 10 = 0 and G 0 is homogeneous. To see this observe that the Fundamental Lemma gives the inequality as before and the equality case has G 10 and G 0 both homogeneous bundles. But G 10 G 02 and the latter sheaf is a sum of skyscrapers, hence G 10 = 0.
Proposition 4.6. If d(G i ) = d (G i+1 ) and G i+1 6 = 0 for some i then G i+1 satis es WIT 1 .
Proof. By the above remarks we have G 10 = 0 and so a sequence 0 ! S ! G i ! G i+1 ! 0, where S is a sum of skyscrapers. Applying RF we obtain the short exact sequence 0 !Ĥ ! G 0 i ! G 0 i+1 ! 0 and G 1 i = G 1 i+1 . ButŜ = G 020 i = G 0 i and so G 0 i+1 = 0.
This time, it is not necessary that the co ltration terminates. But:
Corollary 4.7. The co ltration terminates nitely if G is a torsion sheaf.
Gieseker stability under RF
We now come to the main theorem of this paper: WIT 2 then d(F 1 i ) = 0 and so F 1 i is homogeneous contradicting the G-stability of E. Hence, the only possibility is that the ltration has type II. Suppose it terminates at F n which is WIT 1 . Then we obtain 0 ! F n !Ê ! G n ! 0 and 0 !F n ! (?1 T ) E !Ĝ n ! 0. But (F n ) r(F n ) = r(F n ) (F n ) :
Hence, if (F n )=r(F n ) < (E)=r(E)(< 0) (resp. 6) then (F n )=r(F n ) > (Ê)=r(Ê) (resp. >). This completes the proof of part (i).
(ii) Consider a Jordan-H older ltration E i of E = E 0 and let G i = E i?1 =E i for i = 1; : : :; n. Each E i is G-semistable and each G i is G-stable. Then 0 ! E 1 ! E ! G 1 ! 0 implies that R 2 FG 1 = 0 and the torsion-freeness and G-stability imply that H 0 (G 1 Px) = 0 for allx. Hence, G 1 satis es IT 1 . Applying RF to the short exact sequence we obtain 0 ?! R 1 FE 1 ?!Ê ?! R 1 FG 1 ?! R 2 FE 1 ?! 0: ButÊ is -semistable by assumption (or Theorem 3.2) and so d(R 2 FE 1 ) = 0 and the Fundamental Lemma implies that R 2 FE 1 is a sum of skyscrapers. Now (R 1 FE 1 ) = ?r(E 1 ) + (R 2 FE 1 ) > ?r(E 1 ) by 2.7 with equality if and only if R 2 FE 1 = 0. But the assumption thatÊ is G-semistable implies that equality does hold. Hence, E 1 satis es WIT 1 and, since R 1 FE 1 , !Ê, we also see that R 1 FE 1 is G-semistable. We can now induct using 0 ! E i ! E i?1 ! G i ! 0 to show that both E i and G i satisfy WIT 1 for all i. Remark 5.2. In fact we see that the G i are all IT 1 and induction then shows that E must satisfy IT 1 . This implies the corollary that a non-locally free but torsion-free G-semistable sheaf E of slope 0 satisfying WIT 1 with torsion-free transformÊ hasÊ not G-semistable.
Remark 5.3. It is not necessary to assume that`is integral in that the above theorems will work equally well under the assumption that (T; !) is a K ahler torus of dimension 2.
